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Abstract 

We give a basis for the space of holomorphic differentials for a natural class of solvable Galois towers of 
curves with perfect field of constants of characteristic p > 0, which depends upon the existence of a global 
standard form for generators of the tower. We also describe the Galois action on the space of holomorphic 
differentials when the Galois group is abelian. Finally, we extend a result of Madan and Valentini for a cyclic 
Galois group when the field of constants is not algebraically closed. 


1 Introduction 

Let L be a function field of one variable with field of constants k, and let G be any group 
of automorphisms of L which fix k. We are interested in understanding the structure of the 
k-vector space of holomorphic differentials of L, which forms a /c[G]-module. This problem 
was first introduced by Hurwitz HU- If the characteristic of k is equal to 0 and k is algebraically 
closed, then the structure of Q i as a k[G ]-module was essentially solved by Chevalley and Weil 
in response to a question of Hecke [5]. If char k = p > 0, this structure is not well understood 
except when ramification is tame, where methods from characteristic 0 can be adapted [121 [T9 j. 
In general, this remains an open problem in the presence of wild ramification [21]. Boseck [3] 
first studied this problem in positive characteristic for Artin-Schreier and Kummer extensions 
via an explicit basis according to Hasse’s standard form, which always exists over a rational 
held. Other more recent work addresses cases of restricted ramification or group structure, e.g., 
if ramification is weak or total, G is cyclic or an unramified p-group, or if L is a cyclotomic 
function held [13l EE 24] [27] ;31j. 

The purpose of this paper is to provide a formulation of Boseck’s basis and its fc[G]-modulc 
structure for certain natural solvable towers over a rational function held. We assume that a 
global standard form exists at each step of the tower (see §2 for a complete description of the 
conditions needed for this), and that the place infinity in the rational held is unramihed in 
the tower. We note that Boseck himself assumed that this place at infinity is unramihed in 
his results on Artin-Schreier and Kummer extensions of a rational function held (Ibid.). It is 
difficult to describe in simple terms the class of towers we consider (§2). However, from these 
towers we are able to recover all previous known results on the construction of Boseck bases 
over the rational held, as well as much more. Our efforts in this paper are focused on unifying 
the theory of Boseck bases of Kummer and Artin-Schreier extensions for use in towers, but 
we would like to point out that Boseck bases also have many uses. For example, Garcia !M 
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used bases of this type for elementary abelian extensions to compute Weierstrass points, and 
Madden |THJ used these to calculate the rank of the Hasse-Witt matrix. 

For our main result, we construct an explicit Boseck /c-basis of Qi (Theorem 14.ID for certain 
towers of Kummer and Artin Schreier extensions, after unification of the Boseck basis for 
Rummer and Artin-Schreier extensions (see Lemmas 13.31 and 13.6p . We do not require that k 
be an algebraically closed field, but rather, we need only assume that k is a perfect field (in 
particular, k may be a finite field). We note that in order to construct the natural Boseck fc-basis 
of Qi, the arguments we employ are local and depend on ramification groups. This basis also 
admits a natural G-action on Q^, which we describe in §6. We also give a natural decomposition 
of Q.i into /c[G]-submodules when G is abelian (Theorem 16.5p . In special cases, our basis and 
the associated G-module action agree with constructions appearing in the work of Garcia and 
Stichtenoth, Madden, Rzedowski-Calderon et ah, Valentini and Madan, and numerous others 
p m ns m m We do not know to what extent such a strikingly simple decomposition 
is possible for arbitrary curves in characteristic p. 

In §5, we provide an algorithm for passing from global standard form for a composita of 
Kummer and Artin-Schreier extensions of a rational function field to a tower. This alone allows 
one to construct via Theorem 14. li the Boseck fc-basis of Q i for a large class of towers. Difficulties 
presented by global standard form appear to us to be related to the structure of the class group. 
As we explain in §3, a global standard form does not in general exist over a non-rational function 
field. On the other hand, we give several examples (§5.1) over a non-rational field when global 
standard form does exist. 

Finally, we note that when K is not rational, G is cyclic, and k is algebraically closed, the 
situation is much different: It is then possible to describe the representation of G [HI [29] without 
identification of an explicit basis using invariants due to Boseck. We are able to complete this 
proof, so that this result holds over any perfect field of constants k iLeinma 15.5p . For this, 
we find that it suffices to use Riemann-Roch and various techniques in approximation theory 
(Lemmas 15.11 and 15.3p . 

2 Notation and assumptions 

We let k be a perfect field of characteristic p > 0 and L a function field over k. We make the 
following assumptions. We suppose that: 

- The constant field of L is equal to k. 

- There is a rational field K = k(x) over k such that L/K is a finite Galois extension, and 
that L/K may be expressed as a tower of cyclic Galois extensions 

(1) L = L r /L r -\ ■ ■ ■ /Li/Lq = K, 

where for each i = 1,.. ,,r, the extension L;/L ; _i possesses cyclic Galois group of order n,- 
(thus rij | [L : K]), with either n* = p or n ( - coprime to p. 

- There is a choice of a generator x for the rational field K such that the place at infinity 
for x is unramified in L. 

- The field of constants k contains the u,th roots of unity, for any i = 1,..., r such that rij is 
coprime with p. (This is done simply to ensure that all cyclic extensions in the tower (Jl]) 
of degree n* coprime with p are Kummer.) 
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- For each i = 1,.. . ,r, it is possible to find a generator in global standard form for ; 

we shall define global standard form later in this section (see Definitions 2.1 and 2.4). 

- If Li/Li -1 is Kummer, there does not exist an integer d > 1 such that 

d | gcd(u Pi _ 1 (Ci),n,) 

for all places p,_i of L;_i which ramify in L ; -. We will see in section 2.2 how this cannot 
occur when L;_i is a rational field, and how this is related to unramified subextensions of 
Li/U-i. 

We shall explain later why these are necessary for the construction of the fc-basis of Q i. Natu¬ 
rally, we would like to know when one may obtain a Galois tower satisfying all these assumptions. 
In this article, we do not provide a complete answer to this difficult question; instead, we give 
some interesting explicit examples where such a tower may be obtained (see §5). 

We also prove (§3.1 and 3.2) that the existence of a geometric unramified Galois extension 
of a function field proves that a global standard form does not always exist, as any unramified 
Kummer or Artin-Schreier extension in global standard form must be a constant extension. In 
other words, the requirement of existence of global standard form excludes the possibility of 
unramified geometric steps in the tower. We emphasise that it is essentially only the choice of 
L which is fixed: If one is able to find k, K , x, and Li (i = 1,... ,r) which matches all the above 
assumptions, then one obtains a basis of holomorphic differentials. Later in the paper, we will 
see how this gives us some flexibility in the choice of basis in certain cases. 

We denote by the set of all places in K which ramify in L. For simplicity of notation, 
we henceforth adopt the convention of denoting by ^3 a place above P. Also, for each finite 
place P e Pjc, we denote by dp the degree of the place P and pp{x) the irreducible polynomial 
associated with a place P, which is a prime ideal of k[x]. For each i = 1, ..., r, we let p, = i[3 n L, 
and Pl, the set of places of L ; _i which ramify in L,-. 

3 Preliminaries 

3.1 Artin-Schreier extensions 

If Hi = p, then the extension Li/L{-\ is Artin-Schreier, i.e., there exists a primitive element 
x/i, called an Artin-Schreier generator, such that 

y P j - y> = Ci e L^ i, 

with Ci 7 ^ w v — vo for all w e Li [301 Theorem 5.8.4]. There exists a generator of the Galois group 
Gal(Li/Li_i ) ~ Z/pZ which acts on the element y l via y, —*■ y z - + 1. As in (§ 2 ), we suppose that 
places p;_i of L,_i above the place P 0 0 of L 0 = K corresponding to the pole of the element x are 
unramified in L,-. 

Definition 3.1. We say that an Artin-Schreier generator y, o/L;/L,_i is in global standard 
form if, for any choice of place p ; -_i Vp^ := v Pi l (Ci) = v Vi {y/) ^ 0 if Vi-i is unramified 

in L{, and otherwise Vp : i < 0 and gcd (vpj,p) = 1. 

As mentioned previously, if were an unramified extension, then the existence of a 

global standard form for L,-/Lj_i would imply that v ^(c;) ^ 0 at any place p,_i of L;_i, which 
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would in turn imply that c, e k. As k is algebraically closed in L, this would then imply that 
\ji e k, so that the extension is trivial (also, by the Riemann-Hurwitz genus formula, we 

know that unramified geometric Artin-Schreier extensions do not exist over k(x)). In particular, 
as we suppose the existence of a generator in global standard form for each Li/Li- 1 , this implies 
that none of the Artin-Schreier steps L;/L,_i (z = 1,.. ,,r) is unramified. For an Artin-Schreier 
extension over the rational held k(x), the existence of a generator in global standard form for 
an Artin-Schreier was proven by Hasse [!9]. 

We note that any generator in global standard form has the same valuation at a given 
ramified place, and that one can always find such a generator locally in standard form, i.e., at 
a single choice of place p,_i |[25| Lemma 3.7.7]. We call this a local standard form. It is only 
when one has an Artin-Schreier generator in a local standard form that one may give a formula 
for the ramification index and differential exponent at that place in terms of the generator; this 
applies at one place but does not imply that this choice of generator gives a global standard 
form. Given a generator in local standard form, the place p,_i is ramified (and hence e, = p) 
if, and only if Vpj < 0, and the differential exponent satisfies 

d(Vi\Vi-i) = (p - l)(l - vp ri ). 

The ramification filtration {G„ (p,) }^G 0 has only one jump, occurring at n = l^Vpj (Proposition 
3.7.8, [25]). We recall here the well known Riemann-Hurwitz formula for geometric Artin 
Schreier extensions, which becomes important for construction of the Boseck basis, together 
with the existence of a Artin-Schreier generator in standard form. 

Lemma 3.2. l25\. Proposition 3.7.8] For a geometric Artin-Schreier extension L/K, where K 
is a function field of genus gK, the genus of L is given by 

g L = 1 - p + p ■ g K + - dp ■ (p - 1) • Jp, 

'PgPjc 


where Jp is the jump of the ramification group filtration at the place P, equal to 1 — vp, and Vp 
denotes the valuation of the ramified place in standard form. 


Note that over a rational held, any Artin-Schreier extension has a Artin-Schreier generator 
in standard form [30], Example 5.8.8], which permitted Boseck to give an explicit basis for the 
space of holomorphic differentials of an Artin-Schreier extension of a rational function held. 

Lemma 3.3. J3] Satz 15] Let K = k(x), and let K(y) = k{x,y ) be a geometric Artin-Schreier 
extension of K degree p, defined by the relation 


y p -y = 


g(x) 


nil nix ) 1 


where for each i = 1 ,... ,r, pfix) and g(x) are relatively prime polynomials in k[x], di denotes 
the degree of the monic irreducible polynomial pfix ) , and v 1 ^ 0 mod p. Suppose furthermore 
that the element x is chosen so that the place at infinity is unramified. The ramified places 
in K(y) are precisely those of K associated with pi(x) for each i = 1 ,... ,r, and these are fully 
ramified with ramification index p. For each p s {0,.. . ,p — 1}, define A] and p] according to 
the following formula: 

pA] + p] = {p- 1 - p)vi + p- 1 , 
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with 0 ^ ^ p — 1. For each such y, let g p (x) e k[x] be defined as 

gn( x ) = n(P/(*)) A *'/ 

1=1 


and let 

P = ]>Af. 

1=1 

Then the set 

23 L = {x v [g f ,(x)]^ 1 i/ f 'rfx | 0 < v < — 2 , 0 ^ y ^ p — 2 } 

forms a k-basis of the space of Q L of holomorphic differentials ofL. 

3.2 Kummer extensions 

As for each i e {1,.. . ,r} with gcd(rij,p) = 1, the extension Lj/L,-_i is Kummer, one may find 
a primitive element y z , called a Kummer generator, such that L, = L z _i(y z ), y”' = c, e L z _i, and 
Cj 7 ^ ztF, for all n | n, and zu e L,. For a given primitive tt/th root of unity C, there exists a 
generator of the Galois group Gal(L;/L,-_i) ^ which acts on the element y, via y, —> Cyn 

We note that z; p ._ 1 (c i ) is not divisible by n, at any place p z _i of L;_i ramified in L z -. As in (§ 2 ), 
we suppose that places p,_i above the place Poo of L 0 = K corresponding to the pole of the 
element x are unramified, which is equivalent to ni\v Vi l (Ci) . 

Definition 3.4. We say that a Kummer generator y z of Lj/Lj-i is in global standard form if 
0 ^ v Pi _, (Cj) < Hi at all places p;_ i o/L,-_i ramified in Li, and v Vi l (ci) = 0 at all places p z _i 
o/L;_i unramified in Li, with the exception of those places p,_i o/L z _i above the place of 
L 0 = K corresponding to the pole of the element x for which we suppose that v Vi _fiCi) < 0. 

The existence of a generator in global standard form for a Kummer extension over a rational 
held has been proven by Hasse [9]. Over an arbitrary function held K, we know that a generator 
in global standard form does not always exist. As evidence, we use the case where K possesses 
au unramihed geometric extension (this implies, in particular, that K is not rational). For 
such a K and such an extension, let y be a generator such that y" = c e K. If y were in global 
standard form, then z )p(c) = 0 at all places P that are not above Pro and z )<p{c) < 0 at the places 
above inhnity, which is impossible unless the extension is constant. As a global standard form 
does exist over a rational held, this also implies that unramihed geometric Kummer extensions 
do not exist over a rational held, a fact which also follows by Riemann-Hurwitz. 

In order to prove Theorem 14.11 it is necessary to assume that there exists no integer d > 1 
such that 

d | gcd(z7 Pi _ 1 (ci),n,-) 

for all places p;_i of L;_i which ramify in Li. This is linked to the existence of unramihed 
geometric subextensions in Lj/L/_i, for which we know that global standard form does not exist. 
To see this, suppose that v Pi _, (c,-) = l Pi l for any such ramihed place and denote d = ged (l Pi _ u nf) 
this common factor. With u = y n,/d , the Kummer subextension L;_i(w)/L;_i has u d = Ci, and 
by assumption, d \ Vp^ficf), for any ramihed places p z _i in . As a consequence of this, 
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L;_i(m)/L ; '_i is unramified. Boseck did not need to assume this in creating an explicit basis for 
Kummer extensions over the rational field, as unramified extensions of the rational held simply 
do not exist. The same is true in the work of Valentini and Madan [29]. 

It is known that for a fixed choice of place p,-_i of L;_i, y* may be chosen in local standard 
form at p,-_i [301 Theorem 5.8.12], so that 0 = v v ^(c,) if p,_i is unramihed and v Vi l (ci) > 0 if 
p z _i ramihed in L,, where the valuation v Pi l (Ci) of c, is viewed in the held L,_ 1 via r/”' = c v For 
each place p, of L,- ramihed above L,_i, the ramihcation index in L,/L,_i satishes 


e(Vi\Vi-\) 


Hi 

gcd^z^c*))' 


where the valuation v Vi _^ is in local standard form, and the differential exponent is equal to 


d(pf|p f _i) 


gcd fa, v^id)) 


We note furthermore that Vpj := v Vi (\)i) = e(yi\Pi_i)v Vi _ x (Ci) /rii is coprime with n, for any place 
Pi of Lj above a ramihed place p,_i of L,_i. A Kummer extension is of degree coprime to p, 
thus tamely ramihed, and as a consequence the ramihcation filtration {G„(Pi)}^h 0 at p, has only 
one jump, which occurs at n = 1 |25j Proposition 3.7.3]. We recall again the well-known genus 
formula for geometric Kummer extensions (ibid.). 

Lemma 3.5. For a geometric Kummer extension L/K of degree n, where K is a function field 
of genus gK, the genus of L is given by 

gL = l-n + n-g K + ^J] (e(W - 1) • • fa¬ 


it is important to note that, unlike in Artin-Schreier extensions, the term n/eiftyfP) appears 
in the Riemann-Hurwitz formula, as partial ramihcation is possible in Kummer extensions. In 
order to construct a k-basis of Q i using local ramihcation data, we must transform Boseck’s 
formulae for Kummer and Artin-Schreier extensions to obtain a type of basis which is consistent 
across such extensions. The primary obstruction to a direct application of the Boseck basis is 
the sign difference in the power of the generator in the Kummer versus the Artin-Schreier case: 
For Kummer extensions, the power of a generator appearing in the Boseck basis is negative, 
whereas it is positive for Artin-Schreier extensions. We therefore construct an alternate form 
of the Boseck basis for Kummer extensions in the following lemma. 

Lemma 3.6. Let K = k{x), and let K(y) = k{x,y ) be a geometric Kummer extension of K 
degree n, defined by the relation 

y" = f{x) e k[x] 

in global standard form with 

fix) = a ■ Y\{Pi{x)) Vi , 

i= 1 

where for each i = dj denotes the degree of the monic irreducible polynomial pfx) and 

0 < Vi. Suppose that the place of K at infinity, corresponding to the pole of x, is unramified 
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in K(y) (which is equivalent to requiring n | deg fix)). Let v = Yli=\ v idi denote the degree of 
f(x), and for each i = 1,... ,r, let ttii = where is the ramification index for pfx) in K(y). 
For each p e {1,...,n — 1}, we define A\ and p( according to the following formula: 

e,-Af + pf = yrrii + e { - 1, 

with 0 ^ p( < ei — 1. For each such p, let g^(x) e k[x] be defined as 

SA X ) = f[(Pi( x )) A F 


i=i 


and let 




i=1 


ei 


Then the set 

®K( y ) = {x v [g f ,(x)]~V'dx | 0 ^ v < F - 2, 1 ^ p ^ n - 1} 
forms a k-basis of the space of Q K (y) of holomorphic differentials ofK(y). 

Proof. The argument follows similarly to the proof of Satz 16 of |3]. For each i = 1, . .., r, m,- is 
equal to the valuation of y at a ramified place of K(y)/K. We thus find that the divisor of the 
differential [g hl (x)]^ y^dx in K(y) is equal to 

(to, wry*k M = - (Con K/KW (f„))2:-.' < '<-K^;= 1 M,)-2 

i= 1 

= , (Con 

i =1 

= • (Conx/xcy)^®))^^^- 1 -^ 2 , 


i=i 


where CoriK/jqy) denotes the conorm of ideals of f<C into K(y). By definition of F, it follows 
that the differential [gjx)]~ l y^dx is holomorphic provided that F ^ 2. By the requirement 
p s {1,...,n — 1], it follows that F ^ 1. To see this, notice that by definition, p( ^ e, — 1, and 
thus F is always nonnegative (and an integer; see (3j Satz 16]). If T 1 < 1, then t^ = 0, which 
then implies that p( = e, — 1 for all i = 1,... , r. It follows for each i = 1,. .., r that 


CjA( = pmi 


yejVj 

n 


In particular, we obtain that n \ pz>i. As p < n, it follows that there is a factor d of n (d > 1) 
which divides Vi, for all i = 1,, r. We thus obtain y" = z d with zeK, Let u = (y'd d /z) e K, 
then u d = 1. As k contains the dth roots of unity, this contradicts that the degree of K(y)/K 
is equal to n. Also, by definition of ©l, there exist no holomorphic differentials with F = 1. 
Therefore, the number of such differentials which are holomorphic is equal to 


( 2 ) 


n —1 


-1)- 

fi=i 
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as f fl = 0 cannot occur as mentioned previously and = 1 does not contribute to this sum. 
Therefore, by Riemann-Hurwitz [30], Corollary 9.4.3], the quantity (|2]) is equal to 


n —1 


Sc* 


n —1 


u-Z 

m=i 






i= 1 


(U - 1) 


*=1 


-1 + n(g K - 1) + - - 1) 


where the second equality above is justified by 


n —1 


n—1 


= 2 fa -1 -p? 


f'=i 


y=0 

fx/e; tej—1 

2 2 (^x — 1 - pf) 

fc=l y=l+p— l)e; 
xx/e,- fej—1 

2 2 A 

k =1 /.i=l+(ft-— l)e; 
n/et 


S 


c(c -1) 


k=l 

, (e« - 1) 


= n- 


Tliis follows from the identity 


fe,—1 


fe,—1 


2 - 1 - pf) = 2 pf 


- 1) 


y=l + p—l)e ; 


H=l+(k—l)ei 


which holds as gcd(m,,H) = 1, so that the quantities 

pm, + e, - 1 (p = 1 + (k - l)e;,..., /ce, - 1) 

form a complete set of residues modulo e,. It follows that the elements of Sx( y ) form a /c-basis 
of Q]c( y ). □ 

As in Lemma 3.3, the /c-basis of in the case that L/K is an Artin-Schreier extension and 
K = k(x ) is the rational function field also consists of elements of the form x v [gJx)]~ 1 y fl dx. This 
gives a unified expression for the Boseck basis for both Artin-Schreier and Kunnner extensions, 
which in the sequel will allow us to generate the basis for the “mixed” tower ([I]). 








3.3 The Riemann-Hurwitz formula for towers 


By previous arguments, for both Artin-Schreier and Kurnmer extensions, the differential 
exponent at any place p,_i e Pq. is given by 

d{Vi\Vi-i) = (e(Pi|p«-i) - 1 )Jp,i, 


where J?> : , is the unique jump of the ramification filtration for p,- in L;/L,_i. By Riemann-Hurwitz, 
we thus obtain the following genus formula in either situation. 

Lemma 3.7. For the extension Lj/Lj-x, the genus formula is given by 


Su 


1 - n i + n i -g Li _ 1 + - ^ 






(e(P«|P«-i) - 1) • Jp,i ■ 4-i'■ 


The genus formula for i (z = 1 ,... ,r) allows us to obtain a concise genus formula for 
the Galois tower L/K. The following result accomplishes exactly this. 

Lemma 3.8. (i) The differential exponent d(f$\P) ofty\P in L/K is given by 

P) = HieR P epP|P«) • (e(Vi\Vi-i) - 1) • ]p,i, 

where Rp a {0,1,..., r — 1} denotes the set of indices such that the place p,_i is ramified 
in Li/Li-i. 

(ii) The Riemann-Hurwitz formula for L/K may be written as 

Si = 1 - [L : K] + 1Era* [E**>ePP|Pi) ' (c(Pi|Pi-i) - 1) ' b/ 

Proof. For all i = 1,..., r, we have the ramification formula 


e{Vi\P) = e{Vi\Vi-\)e{Vi-\\P) 


and differential exponent 


d(Vi\P) = e(Vi\Vi-i)d(Vi-i\P) + d(Pi|P«-i)- 

From previous observations, have d(p,jpz-i) = (e(Pz|Pz-i) — 1) • }p,i for each i = 1 Thus, 

the formula for the differential exponent of f/\P may be expressed as 

d{ff\P) = |p f )(e( Pf |p/-!) - 1) • 

ieRp 

proving (i). For (ii), by definition, the different Dl/k of L over K is equal to 

= n 

PeP K 

where Prp denotes the product of all places of L above P. As L/K is Galois, the inertia degree 
and ramification index at a place of L above P e is independent of the choice of s }h 
Hence, the product of the inertia degree of ^\P with the number of places of L above P is 
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equal to [L : K]/e(ty\P) [ 301 Corollary 5.2.23]. Furthermore, the differential exponent in L at a 
place S $|'P is also independent of the choice of iff With the help of [25, Corollary 3.1.14], the 
Riemann-Hurwitz formula for L/K may thus be written [301 Corollary 9.4.3] as 


1 


g L = 1 — [L : K] + - 2 


[L:K] 


2 P ^('W) 


■d 


9 


2 e(^P|p«)(e(Pi|P«-i) - 1) • Jp,i 

ieR<p 


as desired. 


□ 


This is a convenient formula for the genus, as it is expressed only in terms of the valuations 
of global standard form generators and ramification data for the tower. Lemma 13.81 remains 
valid if L/K is separable but not Galois, provided ramification indices, inertia degrees, and 
differential exponents are equal for all places of L above a given place of K , for all places of K 
which ramify in L. 


4 Basis of holomorphic differentials 

In this section, we provide an explicit description of the /c-basis of Q^, which is our main 
theorem. This is done strictly in terms of the ramification data and valuations of global standard 
form generators of the tower L/K. Our construction additionally requires the modified Boseck 
basis for Kunnner extensions introduced in Lemma 13.51 which allows the tower to consist of 
steps of both Artin-Schreier and Kummer extensions. We assume all of the previous notation 
for the extension L/K, as in §2 and 3. 

Theorem 4.1. Let L/K be a geometric Galois extension of degree n, with perfect constant field 
k of characteristic p > 0 and K = k(x ) a rational function field, where L/K admits the structure 
given in © and satisfies all of the assumptions outlined in §2. For each i = 1 ,r, we suppose 
that each y,- is either a Kummer or Artin-Schreier generator in global standard form. Given a 
place P e let Rp = {i e {1,... ,r}, p,_i e P^.} the set of indices i = l,...,r such that p,_i 
ramifies in let 

r p,p = {i e {1/ • • • / A\ n i = V / Pf-i e F q} 
denote the p-subset of Rp, i.e., those indices such that rij = p, and let 

R 0 ,p = {i e {1,..., r}\n t ^ p, p^i e P L J 

denote the prime-to-p subset of Rp, i.e., those such that u, A p. We denote ep := e{f$\P) and 
Vp r i := v Pi (yi), where the valuation of y,- is viewed as existing in Lj. For each i = l,...,r and 
Pi, let Ap! be defined according to the following formula: 

\ (P - 1 - Pi) ■ (- vp,i ) + (p - 1) if i e R P/ p 

(3) A'p] = < PiVp,i + (e(Pi|Pi_i) - 1) if i e R 0t p 

\ 0 otherwise. 

Set p = (pi,... ,p r ). Let and p 1 ^ be defined by the equation 

r 

(4) epAfp + Pp = 2 e^lP/JAg, 0 < pj < e 9 - 1. 

i=l 
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Also, let 


Let yv = nj=i V] 1 and 


gfi(x) = ]1 (M*)) A *- 


4.U V 1 a I V 1 e (^'|P') 

l = 2_i dp I Ap — 2_j —~— v p,iyi 


Pe¥ K 


ieR, 


0,<P 


£p 


where dp denotes the degree of the place P e ($2). Define T : = nj =1 {0,...,n; — 1} — y°, 
where y° = (y ®,... ,yff) with y® = 0 i/ft; # p. and y° { = rii — 1 = p — 1 otherwise. Then the set 

:= {P'[g f ,(x)]~Vdx | 0 ^ v s; - 2, p = (y lr ...,y r ) e r} 

forms a k-basis of Ql- 

Proof. The divisor of y f ' in L is given by 

(/) L = 

!PeP x 

for some integral divisor 9Iy of L, where “Pr is the product of the places above P in L. It follows 
that the divisor in L of the differential y^dx is given by 

W l dx) L = H Pr^%> e ^l”-K;(Con K/i (P 00 ))- 2 . 

<PeF K 

As the quantities A^> and are defined according to (|4j), multiplication of y^dx by [^(x)]” 1 = 
Y\peF K (pp( x ))^ A ^ yields the following divisor in L: 

(M*)]-ydx)L = ^ • n ^ • (ConK/i^))^^^-^™^)- 2 . 

^sPx 

Thus, the differential [^(x)] _1 y^dx is holomorphic if, and only if, 


2 d 

PeF k 



2 

isR 0 ,p 



^ 2 . 


Therefore, as the set {x v y / '' | 0 ^ v ^ F' — 2, y e T} is linearly independent over k, the A:-linearly 
independent set 

© L = {* v [&i(*)]“V d * | 0 < v < P - 2, y = (y lf ...,y r ) e T} 

consists solely of holomorphic differentials. Furthermore, we have that F 1 ^ 1 for all y e T: By 
construction, the integer 


a£ 


-2 


ieR, 


0,P 


gQP I *> ,■). 

ep 


-vp A yi = —\e P -l-p^+ Yi (P - 1 - Mi) ■ (-*¥,; 


;sR, 


•y,P 



^ 0. 


li 






Also by construction, ep — 1 — p^ ^ 0 and (p — 1 — pi) ■ (—Vp r i) ^ 0. It follows that = 0 if 
and only if (p — 1 — pi) ■ (—Vp r i) = 0, i.e., pi = p — 1, for all i e R p ,p, and p‘p = e?> — 1, for any 
P e P^. For any elements 

S = (si)ieR 0rP 6 S := n {0,..., Wf/e(p f |pi_i) - 1}, 

ieR 0i p 

we consider the set 

: = Hi 0 . *-1} El {s/£?(p,|p/-i),.. (Si + l)e(p f |p f _i) - 1}. 

ieR p/ p ieRq,<p 

As the elements Vp p = e(Pi\Pi_i)v Pi l (ci)/ni are coprime with n ; for each i = Vpj > 0 

for each i = 1, ..., r such that L,/L ;_\ is Kummer, and —Vp p > 0 for each i = 1, ...,r such that 
L,-/Lj_i is Artin-Schreier, at any ramified place p,_i of , it follows that for each s e S, the 

elements form a complete set of residues modulo ep as p runs through all possible values in 
the set r s <p. To see this, we have the identity 

ep 




where for an element xeE, (pc') denotes the fractional part of x. Also, by construction, the set 

X>WPiK;| 

i=1 J fieT s , P 

forms a complete set of residues modulo ep. Therefore, the remainder p 1 ^, assumes the value 
ep — 1 exactly |S| = YlieR 0P n i/ e (Vi\Vi-i) times, and this occurs precisely when the values of pi 
are multiples of e(p;|p;_i), for all i e Ro,p- The number of instances where this occurs is equal 
to |S|, which subsumes all possible values of p for which ep — 1 = p 

As argued in the proof of Lemma 3.6, in order to have R = 0, it is necessary that p£> = — 1, 

for any P e P^. By assumption, for any L,/L,_ 1 which are Kummer, not all ramified valuations 
of C{ share a prime factor with n,-, whence F' = 0 occurs only when p t = 0 for all i e Rqp and 
Pi = p — 1 for all i e R P/ p. Furthermore, for any p so that F' = 1, there exist no holomorphic 
differentials of the form prescribed in the definition of 23 1 . 

By the previous argument, we have 

i»lI - L( f " -1)- 

P eT 


We must now show that this quantity is equal to the genus gL of L. By definition of ([3]), 
we have 


P eT fieT 


ep 
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Via the change of index — 1 — jj. t for all i e R Pt ?> (see also [3; Satz 15]), which does not 

alter the value of the sum, we may write 



Jfier 


[ 

Efei? 0|P e(y\Pi)wv Pii - EieJUp e(^|Pi)^ P ,i 

-\~6p — 1 \ 

u 

6<p 



SiER 0 ,p d'P|Pi)f<^p,i-E ie R Pi?3 d'Plp dfrvpj 

-\-ep —1 \ 

ep 

/ 


By construction, for each s e S, the set 


Y e(VIPi)^iVp,i - eOP| Vi)RiVp,i 


ieR, 


o,P 


ieR, 


p,P 


+ ep — 1 


(pi/ • • • / Pr) e r S/ y> 


forms a complete system of residues modulo ep. As |S| = ElfeRop n i/ e (Vi\Vi-i)i we therefore find 
that 


E K - £ I = E 


f'sr 


ieR, 


o,P 


ep 


-liieR p , P e (y\Vi) v -P,iPi 


fier 

[L:K] 1 

ep 2 


ep 


+ 


[L:K] ep- 1 


ep 


Y e(y\Vi)vp,i(p - 1) 


ieR, 


p/P 


+ ep — 1 


We note that 


- 1 = 2 e (^|P0( e (Pi|Pf-l) - 1) = Y e (^|P*')( e (Pi|Pi-l) “ !)■ 

ieRp 


i =1 


By previous observations, for each i e R Pi p, we have /.p,- = 1 — Vpj, and for each i e .Roy’) we 
have /p ; - = 1. Thus, via Lemma [3.81 we obtain 


E^EIEM-WE—’ 


fjer /jer ypeFjc \ !eR 0 p 


ep 


E d - 

PeFg_ 


p 


[L:K] 1 
2 


- 2 e(^P|P«)^(p-l) 


;eR, 


p,'P 


+ ep — 1 


i£^U 


^ !PgP k e<P 


Y g ( S; P|P') ’ 0(P/|P/-l) - 1) • JP4 


ieRar. 
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i 2 [±_M. dp , dmr) 


2 6<p 

Pe¥ K H 


We therefore conclude that 


w = YP - 1) 

per 


1 - [L : K] + \ 2 • dW\P) 


2 

!PsP x H 


= gi¬ 


lt follows that the set 33 l of /c-linearly independent homomorphic differentials forms a basis for 
the k-ve ctor space Ql of holomorphic differentials of L. □ 


Remark 4.2. 1. The quantities t-‘ coincide with all of the Boseck invariants previously de¬ 

fined (see for example [3} [13], 23] [23, [29]). In particular, this agrees precisely with the 
invariants found in [13], which addresses cyclic automorphisms. This can be seen via the 
identity 

p'u + v 

phi 

2. Theorem 14.11 remains true for towers such that the following quantities are independent 
of the choice of place s $ of L above a particular place P of K, for all such places P which 
ramify in L: the index of ramification e( s }3| P), differential exponent d(ty\P), and inertia 
degree f(ty\P). 

3. To satisfy the assumption that the place at infinity is unramified in L/K, it is sufficient to 
find any degree one place of K which is unramified in L. 

We remind the reader that in the results of this section, it is not necessary to construct this 
basis in terms of an action of a generator of a cyclic group [29], nor is it necessary to assume 
that the held of constants k is algebraically closed. The basis is defined completely in terms 
of the ramification data and those valuations arising from global standard form. In the next 
section, we will see that the basis of Theorem 14.11 is a useful construction for determining the 
Galois module structure of Q L . 


u Lp f J 

- + 

n n 


5 Standard form 

The difficulties presented by global standard form in towers do not particularly depend on 
whether a certain step in a tower is Kummer or Artin-Schreier; notably, Kummer extensions 
are no easier to handle than Artin-Schreier extensions in this respect. This includes even two- 
step towers, where each step consists of either kind of extension. In this section, we give an 
illustration of several cases where a global standard form may be obtained for towers. We 
note that these cases include all the bases which we have referenced in existing literature, as 
well as others. Furthermore, we elaborate on the various difficulties associated with finding 
a generator in global standard form. Currently, the only positive evidence that we have for 
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the non-existence of global standard form of generators in a tower derives from the fact that 
such a standard form does not exist for unramified extensions. It would be very useful if other 
examples of non-existence could be found. 

5.1 Global standard form 

We now turn our attention to the problem of when one may find a tower as given in §2. There 
are a few questions herein: first, when one may find the element x so that the place at infinity 
is unramified (which Boseck assumed for his preliminary constructions [3]), and also, when it is 
possible, given a function field L, to find the tower L/K with global standard form generators. 
Here, we give some examples of composita of function fields which satisfy the necessary criteria. 

Example 5.1 (Abelian extensions with easy conversion from composites into standard form 
towers). Let L/K be an abelian extension of a rational field K = k(x), with k perfect field of 
characteristic p. For the sake of this example, we suppose that the place at infinity in k[x] is not 
ramified in L/K. This is important for the counting argument that yields the explicit basis. If l 
denotes the field of constants of L, then L/l(x) is both abelian and geometric. Since generators 
in global standard form exist over the rational field [9j, we may thus assume without loss of 
generality that L/K is geometric, that is, k = 1. It is known that L/K is then a compositum 
of cyclic extensions of k(x) (see for example P3J). Provided that k contains sufficient roots of 
unity, these cyclic extensions are either Kummer or generalised Artin-Schreier. We suppose 
that k contains the n,th for of unity for each positive integer n t (( n^p ) = 1), for i e {1 ,,rj, 
where 

Gal (L/K) = Z/p fl Z x ■ ■ ■ x Z/p fs Z x Z/hqZ x ■ ■ ■ x Z/n,.Z. 

Thus L/K may be written as a compositum of generalised Artin-Schreier extensions A(/K with 
Ga l(Aj/K) ~ Z/p f 'Z for any is {1,... s} and Kummer extensions Ki/K with Gal (Kj/K) ~ Z/n,Z 
for any i s {1,.. .r}. Via Hasse [9], any of the Kummer extensions KJK admits a generator y, 
so that y"/ = Ci and y t is in global standard form. As explained in the proof of Lemma 13.61 we 
cannot have partial ramification and equal ramification indices. Secondly, a generalised Artin- 
Schreier extension is a cyclic extension of degree a power of the characteristic of k, and it was 
proven by Madden [18] that such an extension may be expressed as a tower of Artin-Schreier 
extensions A; = A; /m ./A ; - m ._i/• • •/^a = K, with for each j = 1,some generator y !r j of 
Aij/Aij- 1 , with defining equation }/. . — yj r j = Cq in global standard form. 

The following structure of L/K is natural for immediately arriving at global standard from in 
a tower from the composites of cyclic extensions over K. We suppose for any i ^ j, i, j e {1,... ,s} 
that the ramified places of K in A; are distinct from those in Aj. For any ramified place P of K 
in L, we denote by i]3 a place of L above P. the index of ramification of P in the compositum 
Ai • • • A,L| ■ • • Kj. For such a place P. we suppose that 

(5) m f vp(d)ei- 1:P (i = , r), 

where vp(Cj) is the valuation of c, in K. We also suppose that the quantities v-pic/je^p do not 
share a prime factor with n, at every such ramified place P. which as noted in §3.2 is needed 
for the existence of a global standard form. We denote 

Ai j = A\ ■ • • Ai—\Aj \... A ir j and K{ = A\ ■ ■ ■ A S K\ ■ ■ ■ Kj. 
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Since the fields A, (z = 1 ,,s) do not share any ramified places, the Artin-Schreier generators 
i fjj of Ai r j/Ai r j _i are automatically in global standard form. Similarly, by (]5lh y t is a Kummer 
generator in global standard form of Kj/Kj_i. Therefore, all the conditions we required to create 
a fc-basis as in Theorem 14.11 for are now satisfied for the extension L/K. 

Under the previous conditions, identification of the appropriate tower in global standard 
form for a compositum of generalised Artin-Schreier and Kummer extensions of the rational 
field is natural. Due to questions related to class numbers (see for example [22]). Hasse’s method 
of obtaining global standard form is unclear to us in general, as it relies heavily upon the use of 
the principal ideal domain property of the field of rational functions. Nonetheless, we now give 
an example of a compositum of two Artin-Schreier extensions, which in contrast to Example 
15.II share ramified places, where global standard form is possible. Furthermore, in the following 
example, places may be either fully or partially ramified. We expect that other examples may 
also be produced. 

Example 5.2 (Elementary abelian extensions ). For this example, we suppose that L/K is now 
the compositum of two Artin-Schreier extensions L\/K and L 2 /K. We also suppose that the 
generators \)\ and 1/2 of Li and L 2 , respectively, are in global standard form with 

y\ - \j\ = ai + miz n , 

and that 

y 2 - f /2 = m 2 z, 

where a\,z e K , m\, ra 2 e /c*, and (n,p) = 1. As k is perfect, there exists an element a e k* so 
that miViZ n = a v . We suppose that a\ and z do not share any places with negative valuation, 
i.e., if for some place P of K , Vp(ai) < 0, then also Vp{z) ^ 0, and vice versa. Therefore, at 
any ramified place P of K in L, vp[a\ + in\z) is either equal to Up(fli) or vp(z), and the ramified 
places of K in L 1 such that Vp(a\ +m\z) = Vp{a\) are unramified in L 2 . For example, the simple 
equations 

P 1 1 1 . , , P 1 

J x{x — 1) x — 1 x y2 J x 

are of this form and motivate these examples, as well as some comments on elementary abelian 
extensions, which we give below. 

We let yi = \j\ — ay'/. As defined, \j\ is an Artin-Schreier generator of L/L 2 in global standard 
form. We have 

Vi - Vi = Vi - Vi - m x m^\y 2 + m 2 z) n + ay\ 

= Vi - Vi - Q (. y 2 ) k (m 2 z) n ~ k + ay\ 

= ai~ m\m~ n ^ (y 2 ) k (m 2 z) n ~ k + ay\ 

k= 1 ' ' 

= a l - J] Q (y 2 ) k {m 2 z) n ~ k + (a - myn/Ayl- 
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Note that from Wu and Scheidler |32j . we know that L/L 2 is ramified above any place P of K 
such that vp(a\) < 0 and that Vp(z) < 0, unless m\ = m 2 and n = 1. Clearly, at place P 2 of L 2 
unramified in L, we have u P2 (yi) ^ 0. At the ramified places P 2 of L 2 in L above a place P of K 
such that Vp(ai ) < 0, we have u P2 (i/i) = Vpia/). Thus yi is in standard form at P 2 as \j\ was at 
P. At a ramified place P 2 of L 2 in L above a place P of K such that vp(z ) < 0, one has by the 
strict triangle inequality when a ^ a v that 

MyO = m in {u P2 (fl 1 ) / u P2 ((y 2 ) /c (m 2 z) n - fc ) / z; P2 (y^)} 

= min {v P2 (a 1 ),v P (z)(k + p(n - k)) (k e {1,...,n}),nv P (z)} 

= vp{z){l + p{n - 1)) < 0 

and coprime to p. Note we find the same valution as in [32j Corollary 3.10]. 

We conclude this section with an example of a p-elementary abelian extension of degree p n , 
i.e., a Galois extension with Galois group equal to a product of n copies of Z/pZ, which is 
equivalent to an expression of an extension as compositum of n Artin-Schreier extensions. Let 
then L/K = k(x ) be an elementary abelian extension of degree p" . It has been proven by Garcia 
and Stichtenoth [8] that as soon as k contains F p n, then there exists a generator y of L/K such 
that y v " — y = z e K. In order to obtain a Boseck basis via this generator, we would need 
to have y expressed in a global standard form. By (8, Lemma 1.2], the elements y p (p e F pI! ) 
defined by y/ — y p = pz are precisely the Artin-Schreier generators of all of the subextensions of 
L of degree p over K. For any place P of K ramified in L and p p', we have for the respective 
places ^3„ and of K{y p ) and K(y p i) above P that 

(6) ^ P (y M ) = u v(y^) =v P (z). 

If z is in standard form, then any places P of K are either unramified or fully ramified [ 321 

Theorem 3.11]. I 11 particular, it is impossible to put a partially ramified place in standard 

form, even locally. Also, if we take the compositum of two Artin Schreier extensions of the 

form y ] \ — y\= Z\ and y^ — 1/2 = Z 2 with Zi,Z 2 e K in global standard form and vp{z\) < Vp(z 2 ) 

for some place P of K ramified in L, then from the previous observation, P is fully ramified 

[32] . For a basis of F^/F p , we may find a generator y of K(yi,y 2 )/K with generating 

2 

equation y?" — y = z e K by taking y = ppy\ + ppyi- However, the generator y cannot be 
written in global standard form at P due to ((6|). 

It is unknown to us when in this case a generator may be expressed globally in standard 
form in a natural way. To demonstrate, if a global standard form were possible in this case, 
then by [8], we would need to be able to obtain generators y; of the Artin-Schreier extensions 
satisfying equations y v { — y t = Zi in global standard form, for all p-subextensions of L/K, so that 
for any i ^ j, there exists a pij e F*„ so that z ; - = piyZj. Particularly, the use of the generator y 

satisfying y v " —y = z seems to be restrictive for obtaining a basis or Riemann-Hurwitz formula 
in terms of the valuation of the generator. 

5.2 Weak standard form 

In this section, we prove the existence of a weak standard form. This is an important 
ingredient in the proof of Theorem 16.11 which describes the /c[G]-module structure of Ql- 
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Lemma 5.1. Let K be any function field of characteristic p > 0 with perfect field of constants 
k, mid let L/K be an Artin-Schreier extension. Let {y a }aeA denote a finite set of places of K 
unramified in L. 

(i) There exists yo e L so that L = K(yo), the valuation of yo at each ramified place of L/K 
is negative and coprime to p, and the valuation of yo at each place of L above {p a }aeA is 
nonnegative. 

(ii) If an Artin-Schreier generator of L/K is in standard form at each ramified place, then the 
valuation of the generator at those places is uniquely determined. Precisely, with z v —z = u 
in standard form for each ramified place P of K in L, one has for each such P that 

Vy(z) = ma x{v P (u — ( w p — w))\w e K}, 

where ^ denotes the place of L above P. 

Proof. We first prove the following: Let {p f } fe r be a finite set of places of L and {PsjseS c {Vt}teT- 
If u, v e K\{0}, and v Vs {u ) = u Ps (u) for all seS, then there exists some w e L so that 

(1) v Pf (zv) = 0 for all t e T; and 

(2) v Ps (u — w p v) > v Vs (u), for all s e S. 

For each place p t , we let 0 Pt denote the valuation ring at p f and and p f the corresponding 
maximal ideal. By assumption, the residue class (u/v) A 0 in 0 Ps /p s , for each s e S. As k is 
perfect, so too is C? Ps /p s perfect, as a finite extension of k. This implies that for each s e S, 
there exists some iv s e O* so that 

w p s = (u/v) e <9 Ps /p s . 

Let p* be a place of K distinct from {Pt}teT, which exists by the infinitude of places of K. By 
[30, Theorem 5.7.10], there exists an element a e K so that 

(i) v p *(a) < 0, 

(ii) and v p (a) ^ 0, for all p ^ p*. 

Let O denote the integral closure of k[a] in K. By [30. Theorem 5.7.9], 

<?= n o,. 

As O is a holomorphy ring [25] Proposition 3.2.9], for each place p of K with p ^ p*, 

0/(y n D) ~ O v /y. 

In particular, this holds for p = p ( , for any t e T. We now select for any t e T\S a unit a t e (9* . 
By the previous arguments and the Chinese Remainder Theorem [20l Theorem 1.3.6], we have 

(7) Ol n<P. O) == ©0/(p, nO) = ©0,,/ft. 

teT teT teT 

Via the isomorphism (]7j) , we choose zv e O so that 
1. zv = zv s for all seS, and 
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2. w = a t for all t e T\S. 

First, we observe that this implies that the element w is a unit in 0 Pt , for all t e T, so that the 
condition (1) is automatically satished. Second, we have for all s e S that 

u/v = Wg = vf mod p s 

from which it follows for all s e S that v Ps (u/v — w p ) > 0. Thus condition (2) is also satished. 

As the extension L/K is Artin-Schreier, it has a generator y such that y v — y = r e K. We 
let {PsjseS denote the union of the set of places of K which ramify in L so that p \ v Ps (r ) with 
the set of all places of {p a }aeA which satisfy v Pa (r ) < 0. Also, we let {Pt}teT denote the union of 
the set of all places of K which ramify in L/K with { p a }aeA■ For any of the unramihed places p n 
and any place S ^P of L above p fl , we have if v p Jr) < 0, 

pMy) = My p -y) = M?) = vM, 

so that p | v p fir) whenever v p fir) < 0. Via weak approximation (30] Theorem 2.5.3], we may 
find an element /3 e K so that v p fifi) = v p fir)/p, for all s e S, and so that v Ps (/3 ) = 0, for all 
t e T\S. In particular, we have for all s e S that v Ps (p p ) = v Ps (r), for all seS. By the hrst part 
of this proof, we find an element w e K so that v Pt (w) = 0 for all t e T, and so that 

v Ps (r-w p p p ) >v Ps (P P ), 

for all seS. Thus v Ps ((hv) = v Ps (r)/p for all seS and, for all t e T\S, we have v Pt (j3w) = 0. In 
particular, we hnd for all s e S that 

v Ps ( r - ((M P - (M)) > min { v P s ( r - (M^'VpsiP™)} > v Ps ( r )/ 

and for all t e T\S, we hnd that v Pt (r — ((jSm) p — (]8w))) = v Pt (r), as v Pt (r) < 0. Choosing the 
element y' = y + tw yields a new Artin-Schreier generation of L/K, where the valuations are 
strictly greater than those for the original y at all places of {p s } SG s, he., those places of {Pt}f G r 
for which the valuation of y is negative and divisible by p. Applying this replacement algorithm 
successively eventually terminates, which yields an Artin-Schreier generator y P 0 — yo = ?o f° r 
which u p (y 0 ) < 0 and coprime with p for each place p of K ramified in L, and for which 
v Pa (y 0 ) ^ 0 for all a e A. 

Part (ii) follows as in the proof of Lemma 3.7.7 and Proposition 3.7.8 of [25]. □ 

As a corollary, we hnd that the valuations at the unramihed places we choose may be made 
equal to zero in weak standard form. This is not necessary for the proof of Theorem 16.11 This 
form was mentioned by Valentini and Madan in [29], who gave it when the held of constants is 
algebraically closed; we include the result out of independent interest in when this form exists 
if the held of constants is only assumed to be perfect. 

Corollary 5.2. Let K be any function field of characteristic p > 0 with perfect field of constants 
k ^ F p , and let L/K be an Artin-Schreier extension. Let {Vn}aeA denote a finite set of places of 
K unramified in L. There exists y e L so that L = K(y), the valuation ofy at each ramified place 
of L/K is negative and coprime to p, and the valuation of y at each place of L above {p a }aeA is 
equal to zero. 
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Proof. We let {p t }teT denote the union of the places of K which ramify in L with the set of 
unramified places { p n }aeA■ We assume the notation of the proof of Lemma [5711 and with that 
notation, we let S = A. Furthermore, we also let fo and yo be as in Lemma [5.11 

The set S may be partitioned into three subsets S = Si u S 2 u S 3 , which are defined in 
the following way. The set Si denotes those places of {p s } SG s for which z7 Ps (f 0 ) > 0. The set S 2 
denotes those places of {p s } se s for which f Ps (f 0 ) = 0 and f 0 lies in the image of the Artin-Schreier 
map x —> x p — x in the residue held of K at p s . The set S 3 denotes the places of S not belonging 
to Si or S 2 . For each s e S 2 , let x s e 0 Ps be an element so that 

f 0 = x p s - x s mod p s/ 

which exists for each such s by definition of S 2 . We note that the element x s is necessarily a 
unit. By the Chinese remainder theorem [20, Theorem 1.3.6], let a be an element of O (with 
O defined as before) so that 

1 . a = 0 mod p s , for all seSy 

2 . a = x s mod p s , for all s e S 2 ; and 

3. a # 0 mod p s , for all s e S 3 . 

As as O, the element f 0 — ( a v — a ) retains its negative and coprime to p valuation at the places 
of K which ramify in L. For all s e Si, 

W s ( f o - K - a)) > min{u Ps (f 0 ), v Ps (oc p ), v Ps (a )} > 0 . 

For all s e S 2 , 

fo - (a p -a) =f 0 - (x p s - x s ) = 0 mod p s/ 
as a p — a = x p s — x s mod p s , so that ^ Ps (fo — {oc p — a)) > 0. For all s e S 3 , 

v P s (?o - (a p -a)) = 0 , 

as fo does not lie in the image of the Artin-Schreier map of the residue held at p s . Choosing 
y e k\W p (as k =£ F p ) now yields that the element r := r 0 — ( a p — a) — ( y p — y) has negative and 
coprime to p valuation at the places of K which ramify in L. As y p — y A 0 in the residue held 
at p for any place p of K , it follows for all s e Si that 

W s ( f ) = min{r; Ps (fo - (a p - a)),v Vs (y p -y)} = 0 . 

By the same reasoning, the same holds for all s e S 2 . Finally, for all s e S 3 , as fo does not lie in 
the image of the Artin-Schreier map in the residue held, it follows that 

f 0 ^ (a + y) p - (a+ y) = ( a p - a) + ( y p - y) mod p s/ 

and hence for such s that 

W s (f) = v Vsi.fo - (of -a)- (y p - y)) 

= v Ps (r 0 ~ ((a + y) p - (a + y))) 

= 0 . 

Therefore, the element f, and thus the associated Artin-Schreier generator 

y = y 0 + (a + y), 

are as desired. □ 
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For completeness, we state and give a proof of the analogue for weak standard form in 
Kummer extensions. 

Lemma 5.3. LetL/K be a Kummer extension of function fields of degreen, with constant field 
of positive characteristic p > 0 which contains all nth roots of unity. Let {p a }aeA denote a finite 
set of places of K which are unramified in L. There exists y e L so that L = K(y), the valuation 
of y at all places above those of {y a }aeA is equal to zero, and the valuation of y at all places of 
K which ramify in L lies in the set {1,... ,n — 1}. 

Proof. As k contains the nth roots of unity, there exists y e L so that L = K(y) and y n = c s K. 
At each ramified place p of K , we have 


v v (c) = l p + nq p 

for some integer q p and l v e {1, ... ,n — 1}, and for each a e A, we have v Pa (c ) = nq Pa for some 
integer q Pa [25| Proposition 3.7.3]. By weak approximation, we choose an element a e K so that 

1. v p (a) = —q Pl for all places of K which ramify in L; and 

2. v Pa (a) = — q Pa , for all a s A. 

It follows that the element y = ay, which satisfies y n = ( ay) n = a n c, is as desired. □ 

We now prove a Lemma for Artin-Schreier extensions, which establishes a special form of 
the strict triangle inequality. 

Lemma 5.4. Let L/K be a cyclic, geometric extension of function fields of degree p, with 
constant field k of characteristic p > 0. Let p be a place of K. Suppose that the Artin-Schreier 
generator y v — y = r e K of L/K is in local standard form at p 7 i.e., that for all places of L 
above p, Vy(y) < 0 and coprime to p if p is ramified in L, and Vy(y) ^ 0 if p is unramified in 
L. For a e L, let 

a = b 0 + biy + • • • + b v _ x y v ~ x , b 0 ,b lr ...,b p _i e K. 

There exists a place of L above p so that (a) = m, where 

j min 0 <c ; -<p{ns}i(hyyZ)} if p i s ramified in L 
[ mm 0 ^j <p {v p (bj)} if p is unramified in L 

Proof. The proof is precisely as in [TTj, Lemma 2], □ 

Our corollary to the Lemma 15.41 is the natural extension to generalised Artin-Schreier exten¬ 
sions. One may compare this to [29], Lemma 2]; we remark that this corollary differs slightly 
from the aforementioned result, as the generators of unramified steps in the tower do not ap¬ 
pear, so that we only need to require the weak standard form given by Lemma 15.11 This is 
done so that we may work with a version of Theorem 1 of [29] over a general perfect constant 
field. 

Lemma 5.5. Let L/K be a cyclic, geometric extension of function fields of degree p n , with 
constant field k of characteristic p > 0 and Artin-Schreier tower L = L„/L „_\/ ■ ■ ■ /Lq = K. Let 
p be a place of K, and let p,_i be a place of L,„i above p. Suppose for each i = 1,... ,n and each 
such place p ; -_i that the Artin-Schreier generator y r ’ — yi = r, e L,_i of Li/L[_\ is in standard 
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form at p;_i if p,_i is ramified in Li, or that Vy(y) ^ 0 for all ip of Lj above p,_i if p/_i is 
unramified in Lj. For a e L, let 


a = 2 .■ ■ ■ yE"/ . 


Then 


Hi '■■■'Vn 


minu^(fl) = min Vy 

"Up p|p 

w 

Pi | Pi—i ramifies 


( 


\ 




h‘i . & n y 

Pi\Pi-iramifies ) 


where the minimum is taken over all places ofL over p and p l e {0 ,... ,p — 1}, for all i where 
P;|p;_i ramifies. 


Proof. This follows by induction from Lemma 15.41 


□ 


6 Galois action on Gp for abelian extensions 

6.1 Galois module structure of Q L for cyclic extensions 

As Lemma 15.31 Lemma 15.51 and the results of Tamagawa [26] are both valid over a perfect 
field, and the standard form of Lemma 15.11 is enough to prove Theorem 1 of [29], we find from 
the same argument as [13J that Theorem 7 of jT3] holds over any perfect field of characteristic 
p > 0. More precisely, let K be any function held and k a perfect held of characteristic p > 0. 
Let L/K be a cyclic Galois extension of degree p l n with (n,p) = 1. Denote by G = G p x G n the 
cyclic Galois group with generator o of L/K and its unique cyclic p-Sylow G p with generator 
o p = o' 1 and G n ~ Z/nZ ~ G/G p , with generator o n = o, where a denotes the image of 
o in G/G p . Thus, L/LG is a generalised Artin-Schreier extension, which we may write as a 
tower L = A t /A t -\/ ■ ■ ■ /Aq = L g p, where are Artin-Schreier extensions and L g p/K is a 

Kummer extension. Denote by P/< the set of places of K which ramify in L. For a place P 
of K, we denote by ip of L above P, pn A,-, and Pk« = n LG. By Lemma 15.11 we 
may choose an Artin-Schreier generator y^. of A;/A,_i such that y P A — yA ; = Ca v where for any 
place of Aj_i unramihed in A, above a ramihed place of K in L, Vp p := v VA . i (ca/) A 0, and such 
that for any place of A ,_\ ramihed in A,-, vpj < 0 and coprime with p. Up to a base change of 

yA— 1 

the form y^. —> Ia^a, with l Ai £ F p , we may suppose for simplicity that o p (y^.) = y^ ; + 1 . 
By Lemma 15.31 we may choose a Kummer generator y n Ku = Ck u such that for any place P of 
K unramihed in L g p but ramihed in L, Vp(c Ku ) = 0, and such that for any place of K ramihed 
in L g p, Vp(c Ku ) > 0. We denote by Vp^ u = Vpku^Vku)- We recall that we may identify G n with 
the group generated by a primitive n-root of unity £, so that up to choosing another generator 
of G, we may suppose that o n (yKu ) = <iyKu- As L/L.G is abelian, we may then decompose it 
as L/L^/LG, where U’ unr /LG is unramihed of degree, say, t unr ^ t, and such that for any 
tum + 1 < z’ < f, there is at least one ramihed place in the extension A,/A,_i. (For this, take 
U' unr to be the hxed held of the product of the inertia group at the ramihed places). Let 

f 

p = ( p At ■ • ,Ha u Hku) e • >V ~ !} x {°/- • ’ > n ~ 1} 

i= 1 
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and iUp = fiAi + PPa 2 + • • • + p f 1 pA r We can identify p p with (p^ f/ ■ ■ ■ , p^), and we therefore 
write 

p = {Pv'Pku) e T := {0, • • • ,— 1 } x {0, ■ ■ ■ , n — 1}. 

Let A^, and p^> be dehned as in Theorem 14.11 i.e., 


ppA^, + pip — 


2 e (^|PA,)((p - 1 - Pa,.)(-^p ,0 + (p - 1 )) 

_l = tunr 


+ eOP| Pku)(Pk u v-p,k u + (e(Pic„|P) - 1)), 


with 0 ^ p l p < ep — 1. As before, we let 


( 8 ) 


^ = 


^gPx 


i^> 


s 


ieR, 


o,P 


e_mVi), 

ep 


-V P ,i[U 


This is the same invariant as in Definition 4 of [13] ( see also Remark 14.2p . We also note that 
when k is algebraically closed, dp = 1 . 

Finally, we define the /c[G]-indecomposable module An to be the p p -dimensional K-vector 
space with basis {v\, ■ ■ ■ , v p } and Galois action given by o(vj) = ^ Ku Vi+Vi+i for all 1 < i < p p —1 
and o(v Pp ) = ^ Ku v Pp . 

Theorem 6.1. In the previous context, we obtain the following the decomposition in indecom¬ 
posable Galois k[G]-modules: 

— ©/jg rA f /‘, 

where d, L denotes the number of times that the decomposition A p appears in Q^. We let f be 
defined according to (jHJ) for a tuple (a,j 6) e T. For each p Ku e {0, • • • ,n — 1}, and 

1. 0 ^ n p < p f - p tum , 

d = j-Gp—^'L l Ku) _ j-Gp'V-Ku) i x. . _ s, s 

U H 1 t -t- U(n p -l, pKu ) U (lUp,HKu) 


2. p p = p f - p^y 

- for p Ku A 0 , 


d = fGp-D'J©- 


-fhV'Pj© 1 s 

r c ^ u G p -Xhku) 


- for p Ku = o, 

d = tGp-^Ku) _ x i 

1 U Gp-l,^Ku) 1 

3. p f - p f,,nr < pp ^ p f , 

(&) bow A 0 7 

- for jJ-Ku = 0 and p p = p f — p f " r + 1 , 


dp, 


1 
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for p p = p l 


1 


d p , 

r plu, 


■( gtP^nr — 1 + fGp'fW) 


d, t = 0, otherwise. 


(b) t unr = 0 and p p = p l , 

dp = gK — 1 + ^ + < 5 ^ 

where we define the integers 5 p so that 5 p = 1 if = 0 and 5 p = 0 otherwise. 


6.2 Galois action on Q L 


We now suppose that L/K is Galois of degree n with Galois group G and perfect constant field 
k of characteristic p > 0. We examine the Galois module structure of Qi (i.e., as a A:[G]-module) 
in the case that L/K is abelian. We note that it could be possible to formulate similar results 
in certain non-abelian cases, if we are able to find a tower to satisfy the requisite invariants 
of Theorem 14.11 and we know the action of the Galois group on the generator of this tower. 
For the moment, we simply suppose that the extension L/K is abelian. Since G is abelian, we 
may write L/K as a tower L/L g p/K , where L/L g p is the maximal subextension of prime power 
degree p\ and L g p/K is an extension of degree d coprime to p. We denote Gal(L/L G p) = G p and 
Gal(L G VK) = G d . Thus, 

G := Gal (L/K) ~ G p x G d , 

with 

G p := Z/p fl Z x • • • x Z/p fs Z and G d := Z/niZ x • • • x Z/n,.Z. 

Suppose that we have a tower L/L g p = K r / ■ ■ ■ /Kq = K , with K,/Ki _i a Kummer extension 
with Galois group isomorphic to Z/n,Z, for each i = 1 Suppose also that we have 

Kummer generators for each Kummer extension Kj/K,_i with = c^,. Given an n,th root 
of unity we know that Gal(K ; /K,_i) may be identified with the group generated by and 
that the action of on y, is given by y^. —» <Gyx r Moreover, by Galois theory, the p-extension 
L/L g v may be expressed as a tower 

L = A s /---/A 0 = L g p 


where is a generalised Artin-Schreier extension (i = l,...,s) with a unique decomposi¬ 

tion 

A; = Aj u J ■ ■ ■ /A {'o = Af—i, 

where A,y/A,y_i is an Artin-Schreier extension with an Artin-Schreier generator y^.. such that 
y^ — xjAij = CAij, for any j e {0, ■ ■ ■ We denote by cpy a generator of A,/A;_i. We may 

pi—1 

furthermore suppose that cr^ (y^ ; .) = y^. + 1. We let i e {1, ■ ■ ■ ,s} and Pa, e {0, • • • ,p fi — 1}, 
with 

La, = La„ + PLAi,2 + • • • + V U ~ X LA iM , 

i e {1, ■■ ■ , r}, and p Ki e {0, ■ ■ ■ , d { - 1}. We also let p = (p Au ■ ■ ■ , fiA s , Pk u ■ ■ ■ , fiK r ), 


Pa, 

z p = v Al 


Pa* Pk-\ PK r a Pa, " Ai - U i 

811(1 y^ = y^. 


l^Aj y 

y Ai : ■ 
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We recall that the action on the tower may be expressed more precisely as follows. 
Lemma 6.2 (Proposition 1, [24]). For i s {1, • • • ,s} and j s { 1, • • • ,Uj}, 

o{yA irl ) = VA i:j +fA,A,■ ,y Ay.J, 
for some f Aij {T lr ■ ■ ■ , T ; _i ) e Z[Ti, • • • , T hl \ . 

Lemma 6.3 (Proposition 4, [24]). For any 

s r 

y = (fiA U -- ■ ,yA s ,yK U -- ■ e ^{0, - •' /P* - *} x Elj 0 '''' ' Ui ~ 



i= 1 

f=l 

and i e {1, ■ ■ ■ ,sj, 



(a, - l)w.( 2 f) = ■ 

,/A-l p.^+i 

y^-i p^Ai+x 

MAs M-Ki Uf( r 

■■y As yKx ■■■yk r 

Furthermore, 



iPi 

- = o. 



These all follow as in [24], to which we refer the reader for further details. We now addi¬ 
tionally suppose that the extension L/K is geometric, so that L has constant field equal to k , 
all of the generators y Aij and y^ are expressed in global standard form, K = k(x) is a rational 
field such that the place at infinity of k[x] is unramified, and the usual condition on equality 
of valuations for Kummer generators, i.e., that the valuations of c^. are not equal and share a 
prime factor with n, for all ramified places of Kj/K^i. With the notation of §4, we thus obtain 
the basis 

= x v {g f( (x)]~V' dx \ ye T, 0 ^ v ^ F — 2 } . 

We first prove a lemma which describes explicitly the Galois action on the basis 93 l- 
Lemma 6.4. For any w Vi n e 23 £ and 


h = (h Au ■ ■ ■ ,h As/ h Ku ■ ■ ■ ,h Kr ) e fj{ 0 , ■■■ ,p ti - 1 } x HlO, 1 }, 


i =1 


i=l 


we have 


M 


h A , h K h K 


ff' -ff* 


^ ^ B ft',v+lr 

yeT,i.i' Ai ^iu Ai ,ie{l,"-,s] 1=0 

iim,- ,iiK r )=(F Kl '-’F Kr ) 

where Cun',h> Bu,u',i e K. 

Proof. By definition of cr^ and cr jc ; , we have 

(j ,!Al • • ■ 0 lAs 0 hKl ■ ■ ■ 0 lKs (w 1 
°A, U A„ °fCi °K. \ W r,v) 


(° P 2 lhAs (yA s ,t s )Y As ' ts 


A s . ( 

= (y^id )) f,Al4 • ■ ■ (< hAl (yAr,h)Y Ai ' h ■ ■ ■ (% 2 (ywO )^' 1 

• • • (4? (y ^))'** 1 • • • (4?^))^* 

= * v M*)] _ 1 (y^i + h Ai y^ ■ ■ ■ (y Al/tl + P Alrh (y Al ,i,■■■, y Alrh -i)Y Avh • 

• • • (y^,i + h As )^.i ... (y As/)!s + p As/ „ s (y AsA/ ■ ■ ■, y Asr n s -i)Y As ’ ns (4 Kl yi) Ms+1 • • • (^yrY^dx 
= x v [gn(x)]- 1 2^c^y^ 4 • • • y^y^ 1 • • • y£X 
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where P Ai ,j(Ti,- ■ ■ ,Tj- 1 ) e ZjTi,- • ■ ,Ty_i]. By the proof of Theorem 2 of [24], one can show 
that p' A ^ p Ap and we thus have that A^ ^ A^,. We then set 


Then 


h^(x) 




pp(x) A p a p 

PeP K 


td-tr 

^ i ',iX 


1=0 


h A, h A , h K , 

°aI- 



s 


Cy.,H',h 


fd-tf 

y i b ii,n' jv? (i 1 ,v+b 


^eT r fi' Ai ^ A .,ie{l,- r s} 1=0 

^Ki,-^K r )=(P Kl A-,p Kr ) 


We also have that 

v + l^t^ + A - t? - 2 ^ - 2. 

As a consequence, zty /V+ / e © L . □ 

Theorem 6.5. MAt/z i/ie notation of the previous lemma, let @' U/ , V := Xl/Lo ^ By,y',i w y',v+b The 
set 

{0p v | with p' A . s$ p Ai for i e {1, • • • ,s} and • • • ,/4)} 

generates a k[G]-submodule U P/V isomorphic to k[G]w PrV of dimension + 1) of the 

module of differentials. We denote by P^ A . r(lAs the G p -representation 

t[G p ]/((u 1 -l)«. + 1 / ... / (a,-l)w +1 ) 

where p Ai e {0, ■ ■ ■ ,p f; — 1}, for each i e {1, ■ ■ ■ ,s}. For e {0,1, ■ ■ ■ ,n, — 1}, we /ef V be a 
one-dimensional vector space over k. We define Dj rPK to be the representation on V such that 

the Galois action on any v e V is given by ofv) = ^- K,1 v, for all j = 0,1, ■ ■ ■ ,ft; — 1. Setting 
p = (p Al , ■ ■ ■ ,p As ,p Kx , ■ ■ ■ ,Pk t ), we also denote 


A -y — PyA 1 ,-,y As ® Di, PKi ® ® Dr,n Ks ■ 

Then we have the k[G]-isomorphism 

U P/V — — A^. 

Proof. U„ v is a /c[G]-rnodule. Particularly, for any 

s r 

h = (h Au ■ • • ,h As ,h Kl , • • • ,h Kr ) e ^{0, ■ ■ • ,p fi - 1} x ^{0, ■■■ ,rn- 1}, 

1=1 Z=1 


we have 


o 


h Al 

M 


■<*<£ 




T> = 


ff‘ -tf* 

2 

z=o 


R A a i 
° Al 




° h ]?( W P,v+l) 
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We recall that 


tv'-tv t v"-tv' 

= y i Bp,p\i y I y , Bp^pn^wpii^-pi^. 

1=0 n"^n’ k= 0 


h^(x) 


gfj'jx) 

gp( x ) 


tv'-tv 

y i Bp,ix. 


1=0 


As a consequence, for all p" < p' < p, we find that 


Thus, 


hp / p ,, {x^) hp 'p'^x^hpi 7 ^"(x) 


tv"-tv tv"-tv 


y i Bp,p"jx y ] y ] b p> r p" /B b p^jx. 

1=0 1=0 e+f=l 


tv" -tv 


<A---w(0p V ) 


y ] C[i',p",h y I bP'P" r iwpi'V+i 




1=0 


c n',n",h^p» 


By the previous Lemma, k[G]Wp rV Q Up /V . Moreover, from Lemma 16.31 we obtain the k[G]- 
epimorphism 

A p -> /c[G]w fJ , v c Up /V . 

As the dimensions of A p and Up /V are the same, we find the desired isomorphisms. □ 

Remark 6.6. If we take s = 1 and r = 1, that is, that the Galois group of L/K is cyclic, then 
the h[G]-module A,, is indecomposable [13]. We denote 

Q^ 1 = {w s D. l \(oa 1 — 1 Y A tw = 0}. 

Using the basis ©£,, one easily obtains 


dim k (d l h Al+1 /Gl[ Al ) = -1). 

fijqe{0,- -,n 1 } 


One can show that 


dim k { Q^ 1+1 /Q^) = g L o v 1 + 

where £ /f W is defined in analogy to (jHD so that A’^ and p'ip satisfy 


t Ui 


(9) 0>| VkA’p + P'p = YjYj e (^l PA,;)((P - 1 ^ PA^i-Vp^j) + {p- 1)), 

i=r j =0 


where 0 ^ p'^ ^ ep — 1. Also, we let 

& = £ d P A%. 

In this way, we recover Theorem 1 of [29]. Proceeding similarly, one may obtain a description 
of the Galois module structure of dp in a more general setting than cyclic extensions, provided 
that the conditions of Theorem 14.11 are satisfied. 
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7 Concluding remarks 

The following are some examples which demonstrate that there is much to understand about 
when Theorem 14.11 may be applied to describe the structure of the full automorphism group of 
a function field over its constant field. 

Example 7.1 (Fermat curves). Let k = W q (q = p h ) and K n /k (( n,p ) = 1) the function field 
defined by the equation 

x n + if = 1. 

We let C« denote a primitive nth root of unity, and we suppose that n | [q — 1). This function 
field admits two types of automorphisms over The first type of automorphism sends x —» L) a n x 

and y —» f n y ( a,b e Z/nZ). We let R n denote the subgroup consisting of maps of this type. 
The second type of automorphism consists of two maps: one, which we call S, sending x —> — | 
and y —> and the second, which we call T, sending x —> ► \ and y —* — We have S 3 = T 2 = 1 
and T _1 ST = S -1 . We let H denote the group generated by T and S. As noted by Leopoldt 
[16], if n — 1 is not a power of p, then the automorphism group of the Fermat curve is given by 
G n = R n H. We have R n < G n , so that the group G„ is the semidirect product of Z/nZ x Z/nZ 
with a dihedral group of order 6. As given by Lang [15], the space of holomorphic differentials 
of this curve is generated over k by the Boseck basis (the same as that given by Boseck [3]) 
consisting of elements 

co r , s = x r ~ 1 y s ~ n dx 

where r, s ^ 1 and r + s ^ n — 1. This is slightly different from the basis given in Lemma [3.61 
The basis {m r/S } provides a representation of R„ via action on the term x r y s within co r/S ■ The 
fixed field of R n is equal to K Rn = ¥ q (x n ) = F f? (y"). Via the generating equation of the Kummer 
generator y of K n over F^x), the place of F f? (x) at infinity for x is unramified in K n . Thus, the 
conditions of Theorem 14.II are satisfied for K n /W q (x). By Liiroth’s theorem [22] . the fixed field F 
of the automorphism group of K n over F ? is rational. We do not know if it is possible to obtain 
the basis of Theorem 3.1 for the full extension K n /F. 

Example 7.2 ( Artin-Mumford curves). If the field of constants k = F p , the Artin-Mumford 
curve M c for a given c e k is defined as 

(x p -x){y p -y) = c. 

The group of automorphisms of this curve over F p forms a semidirect product of a direct product 
C p x Cp of two cyclic groups, each of order p, by the dihedral group D p _\ [28]. The place at 
infinity of k(x) is unramified in M c , as can be seen by examining the generating equation of the 
Artin-Schreier generator y of M c over k(x). Thus, the conditions of Theorem 14. H are satisfied for 
M c over k{x). As with the Fermat curve in Example 17.11 the fixed field F of the automorphism 
group of A1 c is rational [2]. However, we do not know if it is possible to obtain the basis of 
Theorem 14.11 for the extension M c /F. 

Remark 7.1. Given a Galois extension of function fields K/k(x) with field of constants k for 
which Ga\(K/k(x)) < Autjt(K) and fixed field F of Autjt(K), we may examine the Galois group 
of k(x)/F. If k is algebraically closed, the possible ramification behaviors and group structures 
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of k(x)/F are described completely in [28]. This allows for a description of the Boseck basis 
and representation of Autjt(K) in terms of the extension K/F via Theorem 14.11 if the necessary 
criteria are satisfied. 

Example 7.3 ( Hermitian curves ). Suppose that the field of constants k = F t? 2 . Let K = 
k(x, y) jk be the Hermitian curve, defined by the equation 

y q + y = x q+ \ 

The automorphism group of K/k is large (i.e., it does not satisfy the Hurwitz bound |AuH(L)| ^ 
84(g — 1)) and isomorphic to PGU(3,q), of order (q 3 + l)(q 2 — l)q 3 - As with the Fermat curve, 
one may define the basis of holomorphic differentials in terms of the Kummer extension K/k{y). 
However, as the automorphism group of the Hermitian curve is in general not solvable, the 
result of Theorem 14.11 thus may not be applied in this case. 

This work raised some additional questions for function fields in characteristic p > 0 (where 
the constant field is not assumed to be algebraically closed). These questions are related to 
when one may construct a basis as in Theorem 14.11 and emanate from connections between 
Galois and ramification theory. 

(i) In what generality does a global standard form exist? (See §5.) 

(ii) When would a tower of Kummer and Artin-Schreier extensions form a Galois extension? 

(iii) Given a non-Galois tower L/K, when does it occur that the index of ramification, inertia 
degree, and differential exponent are independent of the choice of place of L above a given 
place of K , for all places of K7 

(iv) It would be interesting to find a non-abelian Galois tower for which Theorem 14.11 is valid. 

(v) When would there exist a subgroup of the automorphism group of a function field with a 
rational fixed field, such that the place at infinity is unramified? 

(vi) Is it possible to find an explicit basis of holomorphic differentials for a tower in the presence 
of an unramified step? (See §3.) 

(vii) Is it possible to construct a Boseck basis - in a tower or otherwise - when there does not 
exist an unramified place of degree one? (Even for cyclic automorphism groups, this would 
be interesting to know; this never occurs when the constant field k is algebraically closed, 
but it is quite common when k is finite.) 

(viii) In [23], the automorphism group G over the rational field is isomorphic to F I? (q = p"), and 
only q — 1 isomorphism classes of indecomposable k[G] -modules are needed to completely 
describe the structure of Q i as a /c[G]-module. The aforementioned paper is the first 
to treat this problem when the automorphism group has non-cyclic p-part. The class of 
p-elementary abelian extensions addressed therein is hard to precisely describe, as they 
require the existence of a global standard form for their field generator, and even a local 
standard form is in general not guaranteed to exist (§5). These conditions also imply, in 
part, that all ramification is full, and require the constant field to contain F^. Some natural 
questions arise: Can the same q — 1 classes of indecomposable modules fully describe 
the fc[G]-module structure decomposition of Q i for p-elcmentary abelian extensions of a 
rational field with only partial ramification, or when the constant field does not contain 
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F,j? To what extent do these indecomposable modules give information about L? For the 
basis of Theorem 14.11 we know the Galois action precisely (§6), but even if we were to 
find a /c[G]-submodule of Q^, it would be very difficult to determine whether or not it is 
indecomposable. When G is only assumed to be abelian, we leave it as an open question 
as to whether the Galois action given in §6 on the basis of Theorem 14.11 allows one to 
express in terms of indecomposable fc[G]-modules. Any progress on these questions 
would constitute significant advances in Galois and representation theory in characteristic 
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